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NUCLEAR DIMENSION OF CROSSED PRODUCTS ASSOCIATED
TO PARTIAL DYNAMICAL SYSTEMS
SHIRLY GEFFEN
Abstract. We bound the nuclear dimension of crossed products associated to
some partial actions of finite groups or Z on finite dimensional locally compact
Hausdorff second countable spaces. Our results apply to globalizable partial ac-
tions, finite group partial actions, minimal partial automorphisms, and partial
automorphisms acting on zero-dimensional spaces, or a class of one dimensional
spaces, containing 1-dimensional CW complexes. This extends work on global
systems by Hirshberg and Wu.
1. Introduction
In 1989 Elliott conjectured that separable simple nuclear C∗-algebras can be clas-
sified by an invariant consisting of K-theoretic data. Elliott’s program (see [Rør02]
for an overview) was a major focus of research involving dozens of researchers over
a period of decades. One major milestone was the Kirchberg-Phillips classification
in the setting of purely infinite C∗-algebras satisfying the UCT [Phi00, KP00]. An
increasingly large classes of C∗-algebras were classified also in the stably finite case
(see [ET08] for a survey). However, a counterexample was constructed by Toms in
[Tom05]. This led to searching for a dividing line between “nice” C∗-algebras which
can be classified and ones which aren’t. The key concept turned out to be nuclear
dimension, which in the past few years was shown to be the missing ingredient.
This concept is a non-commutative analogue of topological covering dimension, in
the sense that dimnuc(C0(X)) = dim(X) for X a second-countable locally compact
Hausdorff space. With this notion in hand, the classification of unital simple sep-
arable C∗-algebras with finite nuclear dimension which satisfy the UCT has been
completed [GLN18, GLN19, EGLN15a, EGLN15b].
This is one reason why extending the class of C∗-algebras which are known to
be of finite nuclear dimension is an important task. Though lower bounds for this
invariant are usually not easy to find, in most cases we only need to know that upper
bounds exist.
The notion of nuclear dimension was first introduced by Winter and Zacharias
[WZ10]. In that paper they pose the following problem.
Problem 1.1. [WZ10, Problem 9.4.] Let G be a group, A be a C∗-algebra and
α : G→ Aut(A) be a group homomorphism. Find conditions on A, G and α, under
which dimnuc(A⋊α G) is finite.
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One fruitful approach to this problem is to impose conditions on the action α,
see [SWZ19, HSWW17, Gar17b, FW15, GWY17, HWZ15]. For example, Hirsh-
berg, Winter and Zacharias develop in [HWZ15] the theory of Rokhlin dimension
for finite groups and integers actions on unital separable C∗-algebras (extended in
[HP15] to the non-unital case). As a result, they show that the nuclear dimension of
these crossed products is bounded by a polynomial in the Rokhlin dimension of the
action and the nuclear dimension of the base algebra. In [Gar17b] Gardella extends
the concept of Rokhlin dimension to compact group actions and proves the corre-
sponding result for the crossed products [Gar17a, Theorem 3.4]. He shows that in
the commutative case, an action by a compact Lie group has finite Rokhlin dimen-
sion if and only if it induces a free action on the spectrum [Gar17b, Theorem 4.2],
and raises the question whether this is the case also for arbitrary compact groups
[Gar17b, Question 5.3]. The following example, that can be deduced from [Lev15],
answers this question negatively. Moreover, to the author’s knowledge, this is a first
example of a compact group acting freely on a finite dimensional compact space
such that the associated crossed product has infinite nuclear dimension.
Example 1.2. Let G and X be as in [Lev15, Theorem 1.1]. Then G is a Cantor
group acting freely on a 1-dimensional compact metric space X. Green’s imprim-
itivity Theorem [Wil07, Corollary 4.11] implies strong Morita equivalence between
C(X)⋊G and C(X/G). Therefore, dimnuc(C(X)⋊G) = dim(X/G) =∞.
Another example, of a circle action on a (non commutative) C∗-algebra with finite
nuclear dimension such that the crossed product has infinite nuclear dimension can
be deduced as follows. Take α to be a minimal homeomorphism on a compact infinite
dimensional metric space X such that α has mean dimension zero (existence follows
from [DPS19, Section 3]). The results of [EN17] imply dimnuc(C(X) ⋊α Z) < ∞.
Letting αˆ denote the dual action of the circle, we have Morita equivalence between
C(X) and the double crossed product. Thus, dimnuc(C(X)⋊α Z⋊αˆ T) =∞.
However, examples with G finite group, or the group of integers acting on a C∗-
algebra A with finite nuclear dimension such that dimnuc(A⋊G) =∞ are still not
known.
Considering Z actions on commutative C∗-algebras, it is shown in [HWZ15] that
automorphisms arising from minimal homeomorphisms of finite dimensional com-
pact metrizable spaces always have finite Rokhlin dimension. The latter result has
been generalized shortly afterwards by Szabo´ [Sza15]. In contrast to the compact
group case, he proves that Z-actions on compact metrizable finite dimensional spaces
are free if and only if they have finite Rokhlin dimension. In particular, this answers
Problem 1.1 for such systems. Hence, known results concerning Rokhlin dimension
cannot be used to bound nuclear dimension in the non-free case.
The next remarkable advance was made by Hirshberg andWu, who proved that for
any locally compact Hausdorff dynamical system (X,h), the associated crossed prod-
uct C∗-algebra has nuclear dimension bounded by a polynomial in dimnuc(C0(X))
[HW17]. This answers Problem 1.1 in case G = Z and A is a commutative C∗-
algebra. This result of Hirshberg and Wu is the main motivation for this paper.
We consider crossed products associated to partial dynamical systems, and pri-
marily to partial automorphisms. A partial automorphism of a topological space
X is a triple Θ = (θ, U, V ) consisting of two open subsets U and V in X, and a
homeomorphism θ : U → V . Given such triple, one can associate a crossed prod-
uct C∗-algebra, which coincides with the original construction when U = V = X.
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The theory of partial actions was developed by Exel (see [Exe17]), and gives new
examples of crossed products that cannot be constructed using global systems. For
example, Exel shows in [Exe95] that every AF algebra is a crossed product by a
partial automorphism acting on a zero dimensional space. However, K-theory ob-
structions imply that AF algebras cannot be viewed as crossed products of unital
AF algebras by global actions of Z.
The goal of this paper is to find conditions on topological partial actions, under
which the crossed product has finite nuclear dimension. We organize the content as
follows. We collect some preliminaries in Section 2.
In Section 3 we deal with partial systems that globalize to honest actions and use
the properties that are preserved between the two systems in order to bound the
nuclear dimension of the associated crossed products. As an application, we consider
partial automorphisms that are a direct limit of globalizable ones. We show that
partial automorphisms on zero-dimensional spaces are of this form.
Section 4 deals with partial actions of finite groups.
Section 5 deals with partial automorphisms that have uniformly bounded orbits.
A global action has this property if and only if it is cyclic.
Section 6 contains a technical result which reduces the problem to the case of
partial automorphisms with dense domains.
In Section 7 we bound the nuclear dimension (and more precisely, the decomposi-
tion rank) of crossed products associated to minimal partial homeomorphisms that
can be extended to the whole space. We then use methods developed in Section 6
to extend this result to general minimal partial automorphisms. We conclude that
C(X) ⋊θ Z is classifiable whenever θ is a minimal partial automorphism acting on
a finite dimensional infinite compact Hausdorff second countable space X.
In Section 8 we again use ideas from Section 6 in order to deal with partial au-
tomorphisms acting on 1-dimensional spaces with the property that every closed
subset has a zero-dimensional boundary (e.g. 1-dimensional manifolds).
We believe that the results in this paper should hold for partial automorphisms
acting on finite dimensional locally compact Hausdorff spaces, with no further re-
strictions.
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2. Preliminaries
We start by recalling definitions and basic properties of topological and C∗-
algebraic partial actions of discrete groups. For more details, we refer to [Exe17].
Definition 2.1. A C∗-algebraic partial action θ of a discrete group G on a C∗-
algebra A is a pair θ = ({Dg}g∈G, {θg}g∈G), consisting of ideals {Dg}g∈G in A and
∗-isomorphisms {θg : Dg−1 → Dg}g∈G such that:
(1) D1 = A and θ1 = idA;
(2) θg ◦ θh ⊆ θgh for all g, h ∈ G.
Definition 2.2. A topological partial action θ of a discrete group G on a topological
space X is a pair θ = ({Dg}g∈G, {θg}g∈G), consisting of open sets {Dg}g∈G in X
and homeomorphisms {θg : Dg−1 → Dg}g∈G such that:
4 SHIRLY GEFFEN
(1) D1 = X and θ1 = idX ;
(2) θg ◦ θh ⊆ θgh for all g, h ∈ G.
Observation 2.3. For a partial action θ = ({Dg}g∈G, {θg}g∈G), the equality
θg(Dh ∩Dg−1) = Dgh ∩Dg,
holds for all g, h ∈ G.
The contravariant functor between locally compact Hausdorff spaces, with proper
continuous maps and commutative C∗-algebras with non-degenerate ∗-homomorphi-
sms:
X  C0(X)
gives a natural bijection between topological partial actions acting on locally com-
pact Hausdorff spaces, and C∗-algebraic partial actions acting on commutative C∗-
algebras. Therefore, we will sometimes abuse notation and write θ both for the
partial action on X and the induced partial action on C0(X).
Partial automorphisms (also called semi-saturated partial actions of Z) form an
important family of partial actions of Z. We recall the definition:
Definition 2.4. Let X be a locally compact Hausdorff space and let U, V be open
subsets of X. Assume that θ : U → V is a given homeomorphism. Then θ induces a
partial action of Z on X, defined by Dn := Dom(θ
−n) and θn := θ
n, for every n ∈ Z.
Remark 2.5. It is easy to see that whenever θ is a partial automorphism, one has:
. . . ⊆ D2 ⊆ D1 ⊆ D0 = X,
and
. . . ⊆ D−2 ⊆ D−1 ⊆ D0 = X.
Definition 2.6. Let θ = ({Dg}g∈G, {θg}g∈G) be a partial action of G on a topolog-
ical space X. We say that Y ⊆ X is a θ-invariant subset if
θg(Y ∩Dg−1) ⊆ Y, for all g ∈ G.
A θ-invariant subset Y gives rise to a partial actions of G on Y , denoted θ|Y , by
intersecting all domains with Y , and restricting the maps to the new domains.
Notice that if θ is a partial action of Z generated by a partial automorphism, then
Y ⊆ X is θ−invariant if and only if θ(Y ∩D−1) ⊆ Y and θ
−1(Y ∩D1) ⊆ Y .
We say that θ is minimal if X and ∅ are the only open θ-invariant subsets in X.
We recall the construction of a partial crossed product :
Let θ = ({θg}g∈G, {Dg}g∈G) be a partial action of a discrete group G on a C
∗-algebra
A. Define the algebraic partial crossed product, A⋊θ,alg G, to be finitely supported
functions from G to A, i.e.
∑
g∈G agδg, with finitely many non-zero coefficients ag,
and such that ag ∈ Dg for all g ∈ G.
Addition and scalar multiplication are defined as usual.
Multiplication and involution are determined by:
(aδg)(bδh) := θg(θg−1(a)b)δgh and (aδg)
∗ := θg−1(a
∗)δg−1 ,
for all a ∈ Dg and b ∈ Dh. One checks that it is well-defined. Extend linearly to
obtain an associative ∗-algebra, A ⋊θ,alg G, see [DE05]. Finally, the partial crossed
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product A⋊θG is the C
∗-algebra obtained by completing A⋊θ,alg G with respect to
the semi-norm (which turns out to be a norm):
||x||max := sup{||pi(x)|| : pi is a
∗−representation of A⋊θ,alg G}.
We continue by recalling the main definitions and results concerning to enveloping
actions. For further discussion, we refer to [Aba03].
Definition 2.7. We say that a topological partial action θ of G on X is globalizable,
if there exist a topological space Y and an action α of G on Y such that:
(1) X ⊆ Y is an open subset;
(2) Y =
⋃
g∈G αg(X);
(3) Dg = αg(X) ∩X;
(4) θg(x) = αg(x) for all x ∈ Dg−1 .
Remark 2.8. (1) Topological partial actions are always uniquely (up to a strong
notion of equivalence) globalizable.
(2) If X is locally compact (resp. compact, resp. second countable) then Y is
locally compact (resp. compact, resp. second countable). This follows from
the construction of Y as an open quotient of the product space X ×G.
(3) Y may not be Hausdorff, even if X is. A Hausdorff globalization exists if
and only if the graph, Graph(θ) := {(θg(x), g, x) : x ∈ Dg−1}, is a closed
subset of X ×G×X.
(4) Let X be a Hausdorff space. If the domains Dg are clopen in X, then the
graph is closed. The converse direction holds whenever X is compact.
Definition 2.9. We say that a C∗-algebraic partial action θ of G on A is globalizable,
if there exist a C∗-algebra B and an action α of G on B, such that:
(1) A is an ideal in B;
(2) B =
∑
g∈G αg(A);
(3) Dg = αg(A) ∩A;
(4) θg(x) = αg(x) for all x ∈ Dg−1 .
Remark 2.10. (1) Globalizations do not always exist in the C∗-context.
(2) If A is unital then a globalization exists if and only if the domains Dg are
all unital.
(3) For a locally compact Hausdorff space X, and C∗-algebraic partial action on
C0(X), a globalization exists if and only if a Hausdorff globalization exists
for the corresponding topological partial action on X.
Theorem 2.11. ([Aba03, Theorem 4.18]) Let θ be a globalizable partial action of
a discrete group G on a C∗-algebra A. Denote the globalization by α, acting on B.
Then A⋊θ G is a full-hereditary C
∗-subalgebra inside B ⋊α G.
As in the case of honest actions, invariant open sets of a topological system give
rise to closed two-sided ideals in the crossed product algebra.
Proposition 2.12. [Exe17, Theorem 29.9] Let θ be a partial action of a discrete
group G on a locally compact Hausdorff space X. Let U be an open θ-invariant
subset of X. Then
0→ C0(U)⋊θ|U G→ C0(X)⋊θ G→ C0(X \ U)⋊θ|X\U G→ 0
is a short exact sequence of C∗-algebras.
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We review some well-known facts related to dimension theory.
Theorem 2.13. [Pea75, Chapter 3, Proposition 6.4] Let Y be any subspace of a
locally compact Hausdorff second countable space X. Then dim(Y ) ≤ dim(X).
Theorem 2.14. [Pea75, Chapter 3, Proposition 5.3] Let X be a locally compact
Hausdorff second countable space such that X =
⋃
n∈NAn, where each An is an
Fσ-subset. Then
dim(X) = max
n
{dim(An)}.
We recall the definition for nuclear dimension of C∗-algebras and permanence
properties that will be useful for us. For further discussion, see [WZ10].
Definition 2.15. A C∗-algebra A has nuclear dimension at most n, dimnuc(A) ≤ n,
if there exists a net (Fλ, ψλ, ϕλ)λ∈Λ consisting of: Fλ finite dimensional C
∗-algebras,
and ψλ : A→ Fλ, ϕλ : Fλ → A completely positive maps, satisfying:
(1) ϕλ ◦ ψλ(a)→ a uniformly on finite subsets of A;
(2) ψλ are contractive;
(3) Fλ decomposes as Fλ = F
(0)
λ ⊕ .... ⊕ F
(n)
λ such that the restriction of ϕλ to
each F
(i)
λ , i ∈ {0, 1, ..., n}, is a contractive, order zero map.
If one can moreover arrange that the maps ϕλ are contractive, then we say that
the decomposition rank of A is at most n, dr(A) ≤ n.
We recall some permanence properties for decomposition rank and nuclear di-
mension. We refer the reader to [KW04, WZ10].
Proposition 2.16. (1) Suppose A = lim−→An. Then
dimnuc(A) ≤ liminfn(dimnuc(An)).
(2) Let J be an ideal in A, then
dimnuc(A/J) ≤ dimnuc(A) ≤ dimnuc(J) + dimnuc(A/J) + 1.
Moreover, dr(A/J) ≤ dr(A).
(3) If B is a hereditary C∗-subalgebra in A, then
dimnuc(B) ≤ dimnuc(A) and dr(B) ≤ dr(A).
If B is full-hereditary in A, then
dimnuc(B) = dimnuc(A) and dr(B) = dr(A).
(4) Let X be a locally compact Hausdorff second countable space. Then
dimnuc(C0(X)) = dr(C0(X)) = dim(X).
Finally, our motivation is to push further the following theorem, by Hirshberg
and Wu, to the context of partial actions.
Theorem 2.17. [HW17, Theorem 5.1] Let X be a locally compact Hausdorff space
and αˆ ∈ Homeo(X). Denote by α : Z→ Aut(C0(X)) the generated action. Then
dimnuc(C0(X)⋊α Z) ≤ 2 dim(X)
2 + 6dim(X) + 4.
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3. Globalizable partial actions
Recall the definition of shrinking space.
Definition 3.1. A topological space is a shrinking space if every open cover is
shrinkable, namely, there is another open cover indexed by the same indexing set,
with the property that the closure of each set lies inside the corresponding set in the
original cover. We say that a space is countably shrinking if every countable open
cover is shrinkable.
Proposition 3.2. Let G be a countable discrete group, let X be a locally compact
Hausdorff second countable space, and let θ be a partial action of G on X that
admits a Hausdorff globalization, α acting on Y . Then dim(Y ) = dim(X).
Proof. By Remark 2.8, we know that Y is a locally compact Hausdorff second count-
able space. Moreover, Y =
⋃
g∈G αg(X), so Y is a countable union of open subsets,
each of them homeomorphic toX. As noted in [Be85, Page 519], a space is countably
shrinking if and only if it is normal and countably paracompact. As a metrizable
space, Y has these properties. Thus, the above cover is shrinkable and Theorem 2.14
implies that Y has covering dimension equals to the covering dimension of X. 
Corollary 3.3. Let G, θ, and X be as in Proposition 3.2.
If G = Z, then
dimnuc(C0(X) ⋊θ G) ≤ 2 dim(X)
2 + 6dim(X) + 4.
If G is a finite group, then
dimnuc(C0(X) ⋊θ G) ≤ dr(C0(X)⋊θ G) ≤ dim(X).
Proof. Both results follow from [HW17, Corollary 5.4, Theorem 3.4] and
Proposition 3.2, combined with Theorem 2.11 and Proposition 2.16(3). 
Next, we show that a partial automorphism on a zero-dimensional, locally com-
pact Hausdorff space is a direct limit of globalizable partial automorphisms. We
can then apply Corollary 3.3, and bound the nuclear dimension of the associated
crossed product.
We start by recalling the proof of the following fact.
Proposition 3.4. Let X be a zero-dimensional metrizable space. Then every open
set in X is σ-clopen (i.e. a countable union of clopen sets).
Proof. Let U be an open subset in X. For each n, set Un :=
⋃
x∈X\U B1/n(x).
Then X \ Un and X \ U are closed disjoint sets, and therefore have disjoint clopen
neighbourhoods. In particular, for each n, there exists a clopen set Vn such that
X \ Un ⊆ Vn and Vn ∩ (X \ U) = ∅. Clearly,
⋃
n∈N Vn = U , as desired. 
Corollary 3.5. Let X be a zero-dimensional metrizable space, and let θ : U → V
be a homeomorphism between two open sets in X. Then there exists an increasing
sequence (Un)
∞
n=1 of clopen subsets in X, such that U =
⋃∞
n=1 Un, and θ(Un) is
clopen in X for every n ∈ N.
Proof. Apply Proposition 3.4 in order to view U =
⋃∞
i=1Wi, where each Wi is
clopen in X. For each i, apply again Proposition 3.4 for the open set θ(Wi), and
view θ(Wi) =
⋃∞
j=1 V
(j)
i , where each V
(j)
i is clopen in X. The countable family
U := {θ−1(V
(j)
i ) : i, j ∈ N} is a clopen cover of U . Enumerate the sets in U by
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(U ′k)
∞
k=1. For n ∈ N, set Un :=
⋃n
k=1 U
′
k. Then (Un)
∞
n=1 is an increasing sequence of
clopen subsets in X, such that U =
⋃∞
n=1 Un, and θ(Un) is clopen in X. 
Theorem 3.6. Let X be a zero-dimensional, locally compact Hausdorff second
countable space. Assume that θ is a partial automorphism of X. Then
dimnuc(C0(X)⋊θ Z) ≤ 4.
Proof. Let {D
(0)
n }n∈Z denote the domains. Then θ is generated by the homeomor-
phism θ(0) := θ1 : D
(0)
−1 → D
(0)
1 . By Corollary 3.5, we can write D
(0)
−1 =
⋃
k∈NUk as
an increasing union of clopen sets in X such that θ(Uk) is clopen in X for every
k ∈ N. Consider the partial automorphism on X generated by the homeomorphism
θ(k) : Uk → θ(Uk), where θ
(k) denotes the restriction θ to Uk, and should not be
confused with powers of θ. Notice that the domains {D
(k)
n }n∈Z of θ
(k) are clopen.
Now, the Fell-bundle associated to θ(k), {C0(D
(k)
n )δn}n∈Z , is a Fell-sub-bundle of
the Fell-bundle associated to θ(m), {C0(D
(m)
n )δn}n∈Z ,whenever k ≤ m.
Indeed, by [Exe17, Definition 21.5], we need to show that C0(D
(k)
n )δn is a closed
subspace of C0(D
(m)
n )δn, for every n. Clearly, it is enough to check that D
(k)
n is an
open subset of D
(m)
n , for every n. As we are dealing with domains of partial auto-
morphisms, we only need to check it for n = −1. However, D
(k)
−1 = Uk ⊆ Um = D
(m)
−1 .
Proposition 21.7 in [Exe17] implies that for k ≤ m, C0(X)⋊θ(k)Z is a C
∗-subalgebra
of C0(X) ⋊θ(m) Z. Since the domains of θ are the increasing union of the domains
of the θ(k)s, we have C0(X)⋊θ Z = lim−→k
C0(X)⋊θ(k) Z.
Finally, by Remark 2.8, each θ(k) admits a Hausdorff globalization, so
dimnuc(C0(X)⋊θ(k) Z) ≤ 4,
by Corollary 3.3. Therefore,
dimnuc(C0(X)⋊θ Z) ≤ 4,
by Proposition 2.16(1). 
We remark that the above method works whenever a partial action can be viewed
as a direct limit of globalizable partial actions.
4. Partial actions of finite groups
We start with a useful lemma, which follows easily from the following theorem.
Theorem 4.1. [Win04, Theorem 1.6] Let A be a separable, subhomogeneous C∗-
algebra. Then
dr(A) = max
k
{dim Primk(A)}
Lemma 4.2. Let 0→ A→ E → B → 0 be a short-exact sequence of C∗-algebras.
Assume that E is separable and unital, and that A,B are n−subhomogeneous.
Then E is n−subhomogeneous and
dr(E) = max{dr(A),dr(B)}
Proof. E∗∗ = A∗∗ ⊕B∗∗, so E is n−subhomogeneous. The inequality
dr(E) ≥ max{dr(A),dr(B)}
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follows from Proposition 2.16. We prove the converse inequality. Since E is separa-
ble, Primk(E) is a locally compact Hausdorff second countable space. By Urysohn’s
metrization theorem, it is metrizable. Since E is unital and subhomogeneous, we
have Primk(E) = Primk(A)∪Primk(B), where Primk(B) ⊆ Primk(E) is closed and
Primk(A) ⊆ Primk(E) is open. Since every open set in a metrizable space is an
Fσ-set, the result follows from Theorem 2.14 and Theorem 4.1. 
Theorem 4.3. Let X be a compact Hausdorff second countable space, let G be a
finite group and let θ = ({Dg}g∈G, {θg}g∈G) be a topological partial action of G on
X. Denote the induced partial action on C(X) by θˆ. Then
dr(C(X)⋊θˆ G) ≤ dim(X).
In order to make the following somewhat involved proof more transparent, we
briefly explain the case of a topological partial action of a 4 element group G = {g1 =
e, g2, g3, g4}. We decompose inductively our system into invariant subsystems which
admit globalizations and apply to Corollary 3.3. We first consider the restriction
of θ to the intersection of all domains (the black area in the figure), there it acts
globally. Then, we restrict our system to the darker grey area, which can be checked
to be invariant, and the restricted system has clopen domains, thus globalizable
by Remark 2.8(4). Next, we consider the restriction to the (invariant) light grey
area, there all non-trivial domains are disjoint, and therefore clopen. Finally, for
the restriction to the white area, all non-trivial domains are empty, thus the crossed
product is simply the commutative algebra C(X \(Dg2∪Dg3∪Dg4)). In this way, we
obtain inductively short exact sequences and Proposition 2.16(1) gives a bound for
the nuclear dimension of the crossed product. In order to get a bound independent
of the cardinality of the group, we apply Lemma 4.2.
Dg2
Dg3
Dg4
Dg1
Proof of Theorem 4.3. Let n denote the cardinality of G. We define inductively
short exact sequences of C∗-algebras
0→ Ak → Ek → Bk → 0, (0 ≤ k ≤ n− 2)
such that the following properties are satisfied.
(1) E0 = C(X)⋊θˆ G.
(2) Ak = C0(X
(k))⋊θˆ G, where X
(k) is an open θ-invariant subspace of X, and
θ|X(k) admits a Hausdorff globalization.
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(3) Ak is n-subhomogeneous and dr(Ak) ≤ dim(X).
(4) Ek+1 = Bk separable and unital, for 0 ≤ k ≤ n− 3.
(5) Bn−2 is a commutative C
∗-algebra, with dr(Bn−2) ≤ dim(X).
(2) =⇒ (3), as by Theorem 2.11, [HW17, Theorem 2.1] and Corollary 3.3, (2)
implies that each Ak is a full hereditary subalgebra of an n-subhomogeneous C
∗-
algebra with decomposition rank bounded by dim(X). Notice that once we construct
such short exact sequences, the proof is complete, applying Lemma 4.2 repeatidly.
Write G = {g1, ..., gn}. Set X
(0) =
⋂
g∈GDg. Then θ|X(0) is a global action. Let
k ≥ 1, and assume that we have defined X(0), . . . ,X(k−1) which satisfy property (2)
above. We denote by θ(k) the restriction of θ to X \
⋃k−1
i=0 X
(i), and by {D
(k)
g }g∈G
the domains of θ(k). Set
X(k) :=
⋃
m1,...,mk∈{1,...,n}
⋂
g∈G\{gm1 ,...,gmk}
D(k)g .
In other words, X(k) consists of intersections of (at least) n − k domains. Notice
that intersections of more than n− k domains would belong to X(0) ∪ . . . ∪X(k−1),
which was taken out. Therefore, the domains of θ(k) satisfy the property that any
intersection of n− k + 1 of them is empty, and we actually have
X(k) =
⊔
m1,...,mk∈{1,...,n}
⋂
g∈G\{gm1 ,...,gmk}
D(k)g .
This shows that the domains of θ|X(k) are clopen and it admits a Hausdorff global-
ization by Remark 2.8(4). Moreover, Observation 2.3 implies that X(k) is an open
θ(k)-invariant subset. To this end, we observe that conditions (1)-(5) determine the
short exact sequences; for k ≥ 0 we have
Ek = C
(
X \
k−1⋃
i=0
X(i)
)
⋊θ(k) G, and
Bk = C
(
X \
k⋃
i=0
X(i)
)
⋊θ(k+1) G.
Ek+1 = Bk are unital and separable, since C(X) is separable whenever X is a
compact metrizable space. To see that Bn−2 is a commutative C
∗-algebra, recall
that θ(n−1) has the property that its domains are pairwise disjoint. Thus, its only
non-empty domain is the one corresponds to the identity element of the group. Using
Theorem 2.13 and Proposition 2.16(4), we conclude that dr(Bn−2) ≤ dim(X). 
Remark 4.4. With more work, it is possible to give a similar decomposition of
the crossed product algebra also in the non-commutative case, and describe more
explicitly the algebras {Ak}
n−2
k=0 that appear in the proof, see [AGG] for more details.
Corollary 4.5. Let θ = ({Dg}g∈G, {θg}g∈G) be a partial action of a finite group G
on a locally compact Hausdorff second countable space X. Then
dr(C0(X) ⋊θ G) ≤ dim(X).
Proof. The one-point compactification of X, X+, is a compact Hausdorff second
countable space. Let θ+ = ({Eg}g∈G, {θ
+
g }g∈G) be the partial action of G on X
+,
defined by:
Eg = Dg for all g 6= 1, E1 = X
+; θ+g = θg for all g 6= 1 and θ1 = idX+ .
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Then X is an open θ+-invariant subspace. The restriction of θ+ to X is exactly
θ. Thus, by Proposition 2.12, C0(X) ⋊θ G is an ideal inside C(X
+) ⋊θ+ G. By
Theorem 4.3:
dr(C0(X)⋊θ G) ≤ dr(C(X
+)⋊θ+ G) ≤ dim(X
+) = dim(X).

5. Partial Automorphisms with Supported Domains
In this section we show that crossed products by partial automorphisms with
finitely supported domains, namely
. . . = ∅ = ∅ = . . . = ∅ ⊆ Dn ⊆ . . . ⊆ D1 ⊆ X,
and (automatically)
. . . = ∅ = ∅ = . . . = ∅ ⊆ D−n ⊆ . . . ⊆ D−1 ⊆ X,
for some n ∈ N, are isomorphic to crossed products by partial actions of finite
groups. Thus, we can apply the results from the previous section. As a consequence,
we can deal with partial automorphisms with finitely many domains, and partial
automorphisms with uniformly bounded orbits, that we define below.
Claim 5.1. Let θ be a partial automorphism on a locally compact Hausdorff space
X. If θ has finitely supported domains, and n ∈ N is such that Dn+1 = ∅, then
there exists a partial action η of Z/(2n + 1)Z on X, such that
C0(X)⋊θ Z ∼= C0(X) ⋊η Z/(2n + 1)Z.
Proof. Denote Z/(2n+1)Z = {−n, . . .−1, 0, 1, . . . , n}. In order to define η, we first
give the domains {Ek}
n
k=−n and the maps {ηk}
n
k=−n. For k ∈ {−n, . . . , n}, set
Ek = Dk, and ηk = θk
We have to check that η is a well-defined partial action of Z/(2n + 1)Z. Namely,
ηm ◦ ηk ⊆ ηm+k,
for all m,k ∈ {−n, . . . , n}. We separate to cases:
(1) If −n ≤ m+ k ≤ n, then
ηm ◦ ηk = θm ◦ θk ⊆ θm+k = ηm+k,
because θ is a partial action of Z.
(2) If n + 1 ≤ m + k ≤ 2n, then m + k − (2n + 1) ∈ {−n, . . . ,−1}. Moreover,
θm+k = ∅, since its domain is empty by assumption. Therefore,
ηm ◦ ηk = θm ◦ θk ⊆ θm+k = ∅ ⊆ θm+k−(2n+1) = ηm+k.
(3) If −2n ≤ m+ k ≤ −(n+ 1), then m+ k + (2n+ 1) ∈ {1, . . . , n}. Moreover,
θm+k = ∅, since its domain is empty by assumption. Therefore,
ηm ◦ ηk = θm ◦ θk ⊆ θm+k = ∅ ⊆ θm+k+(2n+1) = ηm+k.
(1)-(3) cover all possible cases. It can be easily checked that
φ : C0(X)⋊η Z/(2n + 1)Z→ C0(X)⋊θ Z
φ(
n∑
k=−n
fkδk) =
n∑
k=−n
fkδk, where fk ∈ C0(Ek),
defines a natural isomorphism between the crossed product algebras. 
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Combining with the results of Section 4, we get an immediate corollary,
Corollary 5.2. Let θ be a partial automorphism on a locally compact Hausdorff
second countable space X. If θ has finitely supported domains, then
dr(C0(X)⋊θˆ Z) ≤ dim(X).
As a consequence, we see that any partial automorphism with finitely many do-
mains, namely
. . . = Dn+2 = Dn+1 = Dn ⊆ . . . ⊆ D1 ⊆ X,
and
. . . = D−n−2 = D−n−1 = D−n ⊆ . . . ⊆ D−1 ⊆ X,
for some n ∈ N, is an extension of a global action of Z, by a partial action of a
finite group. Thus, using Corollary 5.2, we can bound the nuclear dimension of the
associated crossed product.
Corollary 5.3. Let θ be a partial automorphism on a locally compact Hausdorff
second countable space X, with finitely many domains. Then
dimnuc(C0(X)⋊θ Z) ≤ 2 dim(X)
2 + 7dim(X) + 5.
Proof. Denote by {Dk}k∈Z the domains of θ, and let n ∈ N be such that Dk = Dn
for all k ≥ n, and Dk = D−n for all k ≤ −n. It is easy to see that Dn ∩D−n is an
open θ-invariant subspace of X. Thus, We have a short exact sequence
0→ C0(Dn ∩D−n)⋊ Z→ C0(X)⋊θ Z→ C0(X \ (Dn ∩D−n))⋊ Z→ 0
with the natural induced partial actions. Notice that θ|D−n∩Dn is a global action.
Moreover, if we denote the domains of θ|X\(Dn∩D−n) by {Ek}k∈Z, we see that
En = Dn \D−n and E−n = D−n \Dn.
In particular En ∩ E−n = ∅, and therefore E2n = θn(En ∩ E−n) = ∅. Apply-
ing Proposition 2.16(2) to our short exact sequnece, using the bounds obtained in
Theorem 2.17 and Corollary 5.2, we obtain the required bound. 
Next, we look at partial automorphisms with uniformly bounded orbits, which
form an example of partial automorphisms with finitely many domains. However,
in order to improve the bound given in Corollary 5.3, we show that such partial
automorphisms can be realized as an extension of a periodic global action by a
partial action of a finite group.
Definition 5.4. Let θ be a partial action of a discrete group G on a space X. We
say that θ has uniformaly bounded orbits if there exists N ∈ N such that for every
x ∈ X:
|Orbθ(x)| =
∣∣{θg(x) : x ∈ Dg−1}∣∣ ≤ N.
We remark that global actions of Z have bounded orbits if and only if they are
periodic.
Observation 5.5. Let θ be a partial automorphism on a spaceX. If θ has uniformly
bounded orbits, then there exists m ∈ N such that
Dn = Dm for all |n| ≥ m
.
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Proof. Let N be such that for every x ∈ X, |{θn(x) : x ∈ D−n}| ≤ N . We claim
that θN ! = idD−N! . In particular, DN ! = D−N !.
Let x ∈ D−N !. Since N ≤ N !, Remark 2.5 implies that x ∈ D−N . Now,
{x, θ1(x), ..., θN (x)} ⊆ Orbθ(x).
By assumption, there exist l, j ∈ {0, ..., N} such that l < j and θj(x) = θl(x).
Therefore, θj−l(x) = x. In other words, there exists p ∈ {1, ..., N} so that θp(x) = x.
The claim follows, since θN !(x) = θp ◦ θp ◦ ... ◦ θp︸ ︷︷ ︸
N!
p
∈N
(x) = x.
Therefore, for all k ∈ N, D−kN ! = Dom(θkN !) = Dom(θN ! ◦ ... ◦ θN !) = D−N !.
Similarly, by considering the ranges, DkN ! = DN ! for all k ∈ N.
Remark 2.5 implies that Dn = DN ! for all n ∈ Z such that |n| ≥ N !. 
Corollary 5.6. Let θ be a partial automorphism on a locally compact Hausdorff
second-countable space X, with uniformly bounded orbits. Then
dr(C0(X) ⋊θ Z) ≤ dim(X) + 1.
Proof. Following the same trick done in Corollary 4.5, we may assume without loss
of generality that X is compact. Using Observation 5.5, we find m such that the
domains of θ are of the following form,
... = Dm = Dm = ... = Dm ⊆ Dm−1 ⊆ ... ⊆ D1 ⊆ X;
and
... = Dm = Dm = ... = Dm ⊆ D−(m−1) ⊆ ... ⊆ D−1 ⊆ X.
Consider the short exact sequence from the proof of Corollary 5.3,
0→ C0(Dm)⋊Z→ C(X)⋊ Z→ C(X \Dm)⋊ Z→ 0.
The proof of Observation 5.5 shows that the restriction of θ to Dm is a global,
periodic action. Thus, C0(Dm) ⋊ Z is subhomogeneous, and dr(C0(Dm) ⋊ Z) ≤
dim(X) + 1 (cf. [HW17, proposition 2.1]). Moreover, by the proof of Corollary 5.3,
we know that C(X \Dm)⋊Z is isomorphic to a crossed product by a partial action
of a finite group, and therefore, it is subhomogeneous, and has decomposition rank
bounded by the dimension of X. Finally, we can apply Lemma 4.2 to get the desired
bound. 
6. Partial Automorphisms with Dense Domains
The main theorem of this section implies that in order to bound the nuclear
dimension of a crossed product associated to a partial automorphism, we can restrict
ourselves to the understanding of partial automorphisms with domains that are
dense in the base space. We first need the following lemma.
Lemma 6.1. Let θ = ({Dn}n∈Z, {θn}n∈Z) be a partial automorphism on a topolog-
ical space X. Then
Y+ :=
⋂
n≥0
Dn and Y− :=
⋂
n≤0
Dn
are closed, θ-invariant subsets of X.
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Proof. We denote also the generating homeomorphism by θ : D−1 → D1. Let
n ∈ Z, and let x ∈ Dn ∩ D−1 be given. Choose a sequence (xm)m∈N such that
xm ∈ Dn for all m ∈ N, and limm xm = x. Since D−1 is open, we may assume
without loss of generality that xm ∈ D−1 for all m ∈ N. By continuity of θ, we have
θ(x) = limm θ(xm). However
θ(xm) ∈ θ(Dn ∩D−1) ⊆ Dn+1,
for all m ∈ N, and thus θ(x) ∈ Dn+1. As x was an arbitrary element, we get that
θ(Dn ∩D−1) ⊆ Dn+1 for all n ∈ Z. Therefore,
θ(Y+ ∩D−1) =
⋂
n≥0
θ(Dn ∩D−1) ⊆
⋂
n≥0
Dn+1 = Y+, and
θ(Y− ∩D−1) =
⋂
n≤0
θ(Dn ∩D−1) ⊆
⋂
n≤0
Dn+1 ⊆ Y−.
Similarly, Y+ and Y− are invariant under θ
−1. The remark in Definition 2.6 implies
that these sets are invariant for the generated partial action. 
Theorem 6.2. Let θ = ({Dn}n∈Z, {θn}n∈Z) be a partial automorphism on a locally
compact Hausdorff second countable space X. Then
dimnuc(C0(X)⋊θ Z) ≤ dimnuc(C0
( ⋂
n∈Z
Dn
)
⋊θ Z) + 2dim(X) + 2.
Proof. We denote also the generating homeomorphism by θ : D−1 → D1. Set
Y− :=
⋂
n≤0
Dn
By Lemma 6.1, Y− is a closed θ-invariant subset of X. We obtain a short exact
sequence of C∗-algebras,
0→ C0(X \ Y−)⋊θ|X\Y−
Z→ C0(X) ⋊θ Z→ C0(Y−)⋊θ|Y− Z→ 0.
Set En := Dn ∩ (X \ Y−) for all n ∈ Z. {En}n∈Z are the domains of θ|X\Y− . This
restriction is a partial automorphism generated by θ : E−1 → E1. Now, observe that
{E−1 \En}n≤0, where the closures are taken inside E0, is an increasing sequence of
open sets in E0, such that E−1 =
⋃
n≤0E−1 \ En. Indeed,⋃
n≤0
E−1 \En = E−1 \
⋂
n≤0
En
= E−1 \
⋂
n≤0
Dn ∩ (X \ Y−)
= E−1 \ (Y− ∩ (X \ Y−)) = E−1.
Notice that for each n ≤ 0, the partial automorphism generated by the restriction
of θ to E−1 \En has finitely supported domains. Indeed, its n−th domain must be
a subset of E−1 \ En (see Remark 2.5), and also a subset of the n−th domain of
the original θ : E−1 → E1, namely En. Following the same idea as in the proof of
Theorem 3.6, if we denote θ(n) := θ|E−1\E−n for all n ≥ 0, we have
C0(X \ Y−)⋊θ Z = lim−→
n
C0(X \ Y−)⋊θ(n) Z.
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Combining Proposition 2.16 with Corollary 5.3, we obtain
dimnuc(C0(X)⋊θ Z) ≤ dimnuc(C0(Y−)⋊θ Z) + dim(X) + 1.
We now deal with the system induced by the restriction of θ to Y−. Set Fn := Dn∩Y−
for all n ∈ Z. {Fn}n∈Z are the domains of θ|Y− . This restriction is a partial
automorphism generated by θ : F−1 → F1. Set
Y+ :=
⋂
n≥0
Fn,
where the closures are taken inside Y−. By Lemma 6.1, Y+ is a closed invariant set.
Thus, we obtain a short exact sequence of C∗-algebras:
0→ C0(Y− \ Y+)⋊θ Z→ C0(Y−)⋊θ Z→ C0(Y+)⋊θ Z→ 0.
Essentially the same argument as above gives that the left hand sided partial system
is a direct limit of partial automorphisms with finitely supported domains, and thus
dimnuc(C0(Y− \ Y+)⋊θ Z) ≤ dim(X).
As Y+ = ∩n∈ZDn, we get by the estimate of nuclear dimension to extensions,
dimnuc(C0(Y−)⋊θ Z) ≤ dimnuc(C0
( ⋂
n∈Z
Dn
)
⋊θ Z) + dim(X) + 1.
We conclude that
dimnuc(C0(X)⋊θ Z) ≤ dimnuc(C0
( ⋂
n∈Z
Dn
)
⋊θ Z) + 2dim(X) + 2,
as required. 
Corollary 6.3. Let θ = ({Dn}n∈Z, {θn}n∈Z) be a partial automorphism on a locally
compact Hausdorff second countable space X. Then
(1) If θ restricts to a global action on
⋂
n∈ZDn, then
dimnuc(C0(X)⋊θ Z) ≤ 2 dim(X)
2 + 8dim(X) + 6.
(2) If dim(
⋂
n∈ZDn) = 0, then
dimnuc(C0(X)⋊θ Z) ≤ 2 dim(X) + 6.
Proof. The proof is an immediate corollary of Theorem 6.2, Theorem 2.17, and
Theorem 3.6. 
Next, consider a concrete example from [Exe94]. Denote by N+ = N ∪ {∞} the
one-point compactification of N. Let θ be the partial automorphism on N+ generated
by the homeomorphism θ : N+ \ {1} → N+, given by θ(n) = n − 1 for n ∈ N \ {1},
and θ(∞) =∞. Denoting the induced C∗-partial action of Z on C(N+) by θ as well,
its domains are given by
Dn =
{
N+ , if n ≥ 0
N+ \ {1, 2, . . . , |n|} , if n < 0
One can show that C(N+)⋊θ Z = T , where T denotes the Toeplitz algebra. In this
case, both conditions of Corollary 6.3 are trivially satisfied. Moreover, note that
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the restriction of θ to
⋂
n∈ZDn = {∞} is the trivial action, and one can show that
C0(N)⋊θ Z ∼= K(l
2(N)). Therefore, the extension
0→ C0
(
N+ \
⋂
n∈Z
Dn
)
⋊θ Z→ C(N
+)⋊θ Z→ C
( ⋂
n∈Z
Dn
)
⋊θ Z→ 0 ,
considered in the proof of Theorem 6.2, is exactly the Toeplitz extension
0→ K(l2(N))→ T → C(T)→ 0.
However, the bound for the nuclear dimension of T obtained this way is not optimal;
it was shown in [BW19] that dimnuc(T ) = 1.
7. Minimal Partial Automorphisms
In this section we bound the nuclear dimension of crossed products associated to
minimal partial automorphisms. We first point out that, using different methods, a
better bound can be achieved when dealing with extendable homeomorphisms.
Theorem 7.1. Let X be an infinite, compact, metrizable, finite-dimensional space
with a minimal partial action generated by a partial automorphism θ : D−1 → D1,
with D1 ( X. Assume that θ extends to a self-homeomorphism α : X → X. Then
dr(C(X) ⋊θ Z) ≤ dim(X).
Proof. Notice that α is a minimal homeomorphism on X, since every α-invariant
set, Z ⊆ X, is also θ-invariant. Indeed, given n ∈ Z, we have
θn(D−n ∩ Z) = α
n(D−n ∩ Z) ⊆ α
n(Z) ⊆ Z.
For a closed subset Y ⊆ X, we denote
AY := C
∗(C(X), C0(X \ Y )u) ⊆ C(X)⋊α Z.
Let Y := X \D1. By assumption, Y is a non-empty closed subset in X. Thus, there
exists a decreasing sequence (Ym)
∞
m=1 of closed subsets in X such that int(Ym) 6= ∅
and Y =
⋂∞
m=1 Ym. Combining [LP98, Section 3] with [Win04, Theorem 1.6], it
follows that each AYm is a recursive subhomogeneous C
∗-algebra with dr(AYm) ≤
dim(X). Observe that
C(X)⋊θ Z = AY = lim−→
m
AYm .
The result now follows by Proposition 2.16(3). 
Remark 7.2. The assumption that D1 ( X (or, D−1 ( X) in Theorem 7.1 is
necessary. For example, if θ is a global action on a Cantor set X, then
dr(C(X)⋊θ Z) ≤ dim(X) = 0
would imply that a crossed product of unital AF -algebra, C(X), by Z is an AF
algebra. This leads to a contradiction, see [Bla86, Exercise 10.11.1].
We move to the general case, starting with an easy observation.
Observation 7.3. Let θ : D−1 → D1 be a partial automorphism on a space X.
Then the closure of any θ-invariant set is again θ-invariant.
Since the complement of a θ-invariant set is always θ-invariant, a partial auto-
morphism is minimal if and only if X and ∅ are the only closed θ-invariant subsets.
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Lemma 7.4. Let θ = ({Dn}n∈Z, {θn}n∈Z) be a partial action of Z on a topological
space X, generated by a partial homeomorphism θ : D−1 → D1. Let E−1 be an
open subset of X, and η := θ|E−1 . Denote by η = ({En}n∈Z, {ηn}n∈Z) the generated
partial action. Assume that E−1 ⊆ D−1 and E1 ⊆ D1. Then En ⊆ Dn, for all
n ∈ Z.
Proof. It is enough to show En ⊆ Dn, for all n ≥ 0. We prove the claim inductively.
Let n ≥ 2 be given, and assume that the claim holds for n− 1. Then
En = η(En−1 ∩E−1) = θ(En−1 ∩ E−1) ⊆ θ(En−1 ∩ E−1) ⊆ θ(Dn−1 ∩D−1) = Dn,
where at the second step we use that E−1 ⊆ D−1 and θ(E−1) ⊆ D1, and at the
fourth step we use the inductive assumption. 
Theorem 7.5. Let θ = ({Dn}n∈Z, {θn}n∈Z) be a minimal partial automorphism on
a locally compact Hausdorff second countable space X, with D−1 ( X. Then
dimnuc(C0(X)⋊θ Z) ≤ 2 dim(X) + 6.
Proof. As observed in Section 6,
⋂
n∈ZDn is a closed θ-invariant set. By minimality,
it is either the whole space X, or the empty set. In the latter case, the desired bound
follows from Corollary 6.3(2). In the first case, we show that θ is a direct limit of
partial automorphisms on X satisfying the condition in Corollary 6.3(2). Using the
properties of X, we can view D−1 =
∞⋃
k=1
Uk =
∞⋃
k=1
Vk as increasing unions of open
subsets in X, satisfying
Uk ⊆ Uk ⊆ Vk ⊆ Vk ⊆ D−1 ( X,
and
θ(Uk) ⊆ θ(Uk) ⊆ θ(Vk) ⊆ θ(Vk) ⊆ D1.
Fix k ∈ N, and let α(k) = ({En}n∈Z, {αn}n∈Z) and β
(k) = ({Kn}n∈Z, {βn}n∈Z) be
the partial actions of Z on X generated by the partial homeomorphisms α1 := θ|Vk :
Vk → θ(Vk) and β1 := θ|Uk : Uk → θ(Uk), respectively. As
C0(X)⋊θ Z = lim−→
k
C0(X)⋊β(k) Z,
relying on Proposition 2.16(1) and Corollary 6.3(2), it is enough to show that⋂
n∈ZKn = ∅. We first observe that
⋂
n∈ZEn is an invariant set for our (original)
partial automorphism θ. Indeed,
θ(D−1 ∩
⋂
n∈Z
En) = θ(
⋂
n∈Z
En) = α1(
⋂
n∈Z
En) =
⋂
n∈Z
En,
where at second step we use that E−1 = Vk. Similarly, one checks invariance under
θ−1. By minimality of θ, the assumption that D−1 6= X, and Observation 7.3, we
get
⋂
n∈ZEn = ∅. By construction,
K1 = θ(Uk) ⊆ θ(Vk) = E1
and
K−1 = Uk ⊆ Vk = E−1.
Thus, Lemma 7.4 implies that
⋂
n∈ZKn ⊆
⋂
n∈ZEn = ∅, as desired. 
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Corollary 7.6. Let θ = ({Dn}n∈Z, {θn}n∈Z) be a minimal partial automorphism
acting on an infinite compact Hausdorff second countable space X with finite cov-
ering dimension. Then C(X)⋊θ Z is classifiable.
Proof. The result for global actions follows from [TW09]. If the system is not global,
we may assume without loss of generality that D−1 ( X. Notice that minimality
implies freeness of the partial automorphism. Indeed, if x ∈ D−n and θ−n(x) = x
for some n ∈ N, then
{x, θ(x), . . . , θn−1(x)}
is a closed θ-invariant set. As X is infinite, this contradicts minimality of θ. It
follows from Theorem 7.5 and [Exe17, Corollary 29.8] that C(X) ⋊θ Z is a unital
simple separable C∗-algebra with finite nuclear dimension. To see that C(X) ⋊θ Z
satisfies the UCT, observe that (C(X)⋊θZ), C(X)) is a Cartan pair (see [Ren08] for
definition) and apply the main result of [BL17]. We conclude by [EGLN15b] that
C(X)⋊θ Z is classifiable by the Elliott invariant. 
8. Zero Dimensional Boundaries
Definition 8.1. Let X be a topological space and let U ⊆ X be an open subset.
We say that U is regular open in X if int(U ) = U .
Remark 8.2. (1) int(A) is regular open for any A ⊆ X.
(2) Any finite intersection of regular open sets is regular open.
Definition 8.3. A topological space X is called semiregular if the regular open
subsets in X form a base for the topology.
We remark that every regular space is semiregular.
Lemma 8.4. Let X be a regular hereditarily Lindelo¨f topological space, and let
U be an open subset of X. Then there exists a sequence (Ui)
∞
i=1 of regular open
subsets in X, such that Ui ⊆ U for all i, and U =
⋃∞
i=1 Ui.
Proof. Let B = {Wi}i∈I be a base for the topology, consisting of regular open sets.
Given x ∈ U , use regularity of X to find an open neighbourhood Vx of x, such that
Vx ⊆ U . Let ix ∈ I be such that x ∈Wix ⊆ Vx. Then {Wix}x∈U is an open cover of
U , which admits a countable subcover (Ui)
∞
i=1, since X is hereditary Lindelo¨f. This
cover satisfies the required properties.

Lemma 8.5. Let X be a regular hereditary Lindelo¨f topological space, and let
θ : U → V be a homeomorphism between two open subsets of X. Then there exist
increasing sequences (Ui)
∞
i=1 and (Vi)
∞
i=1 of regular open sets in X such that
(1) Vi = θ(Ui) for all i ∈ N,
(2) U =
⋃∞
i=1 Ui,
(3) Ui ⊆ U for all i ∈ N, and
(4) Vi ⊆ V for all i ∈ N.
Proof. Apply Lemma 8.4 to obtain a sequence (U ′i)
∞
i=1 of regular open subsets in X
such that U ′i ⊆ U , and U =
⋃∞
i=1 U
′
i . For each i = 1, 2, . . ., apply Lemma 8.4 again
to obtain a sequence (V
(i)
j )
∞
j=1 of regular open subsets in X, such that V
(i)
j ⊆ θ(U
′
i),
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and θ(U ′i) =
⋃∞
j=1 V
(i)
j . Now,
W := {θ−1(V
(i)
j ) : i, j ∈ N}
is a countable open cover of U . We claim that for each W ∈ W
(a) W is regular open in X,
(b) W ⊆ U ,
(c) θ(W ) is regular open in X,
(d) θ(W ) ⊆ V .
Indeed,
(a) Let W = θ−1(V
(i)
j ) ∈ W, for some i, j ∈ N. We have
int(θ−1(V
(i)
j )) = int(θ
−1(V
(i)
j )) = θ
−1(int(V
(i)
j )) = θ
−1(V
(i)
j ),
where at the first step we use that V
(i)
j ⊆ V and that
θ−1(V
(i)
j ) ⊆ θ
−1(θ(U ′i)) = U
′
i ⊆ U ;
at the second step we use that U, V are open in X; at the last step we use
that V
(i)
j is regular open.
(b) Already proved in (a).
(c) Immediate since every V
(i)
j is regular open.
(d) Immediate since V
(i)
j ⊆ V , for all i, j ∈ N.
Enumerate W = (Wi)
∞
i=1. We define inductively an increasing sequence (Ui)
∞
i=1 of
regular open subsets inX that satisfy conditions (1)-(4) in the lemma. Set U1 :=W1.
Fix n > 1, and assume that we have defined (Ui)
n−1
i=1 . Set
Un := int(Un−1 ∪Wn).
By Remark 8.2(1), Un is regular open in X. Moreover, by condition (b) forWn, and
the inductive assumption that Un−1 ⊆ U , we have
Un ⊆ Un−1 ∪Wn ⊆ U.
Next,
θ(Un) = θ(int(Un−1 ∪Wn)) = int(θ(Un−1 ∪Wn)) = int(θ(Un−1 ∪Wn)),
where at the second step we use that U, V are open in X, and at the last step we use
that Un−1 ∪Wn ⊆ U , and that θ(Un−1 ∪Wn) ⊆ V by the inductive assumption that
θ(Un−1) ⊆ V and condition (d) for Wn. Remark 8.2 implies that θ(Un) is regular
open in X. Lastly, observe that it follows from the above computation that
θ(Un) ⊆ θ(Un−1 ∪Wn) ⊆ V.
We complete the proof by setting Vi := θ(Ui) for all i ∈ N.

Remark 8.6. LetX be a topological space, and let h : U → V be a homeomorphism
between two open subsets of X. Assume that h restricts to a homeomorphism
θ : D−1 → D1, where D−1 and D1 are regular open subsets of X, D−1 ⊆ U , and
D1 ⊆ V . Then θ generates a toplogical partial action Θ = ({Dn}n∈Z, {θn}n∈Z) with
regular open domains.
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Proof. We prove by induction that Dn and D−n are regular open in X, for all n ≥ 1.
For n = 0, 1 this follows from the assumptions. Let n ≥ 2, and assume that Dn−1
and D−(n−1) are regular open in X. Then
Dn = θ1(Dn−1 ∩D−1)
= θ(int(Dn−1 ∩D−1))
= int(h(Dn−1 ∩D−1))
= int(h(Dn−1 ∩D−1))
= int(Dn),
at the second step we use induction and Remark 8.2(2), at the third step we use
Dn−1 ∩D−1 ⊆ U , and at the fourth step we use h(Dn−1 ∩D−1) ⊆ V . The argument
for D−n is similar. 
Proposition 8.7. Let X be a locally compact Hausdorff second countable space,
and let θ : D−1 → D1 be a partial automorphism on X. Assume that the partial
action generated by θ has regular open domains {Dn}n∈Z. Then
dimnuc(C0(X)⋊θ Z) ≤ dimnuc(C0(∂X
( ⋂
n∈Z
Dn
)
)⋊ Z) + 2dim(X)2 + 8dim(X) + 7.
Proof. By Theorem 6.2, we know that it suffices to show that
dimnuc(C0
( ⋂
n∈Z
Dn
)
)⋊Z) ≤ dimnuc(C0(∂X
( ⋂
n∈Z
Dn
)
)⋊Z)+2dim(X)2+6dim(X)+5.
Notice that intX
(⋂
n∈ZDn
)
is an open, θ-invariant set inside
⋂
n∈ZDn. Thus
0→ C0(intX
( ⋂
n∈Z
Dn
)
)⋊ Z→ C0
( ⋂
n∈Z
Dn
)
⋊ Z→ C0(∂X
( ⋂
n∈Z
Dn
)
)⋊Z→ 0
is a short-exact sequence of C∗-algebras. For every k ∈ Z we have
intX
( ⋂
n∈Z
Dn
)
⊆ int(Dk) = Dk,
because Dk is regular open in X. Therefore, θ restricts to a global action on
intX(
⋂
n∈ZDn). By Theorem 2.17
dimnuc(C0(intX
( ⋂
n∈Z
Dn
)
)⋊ Z) ≤ 2 dim(X)2 + 6dim(X) + 4.
Applying Proposition 2.16 to the short exact sequence, we get the required bound.

The next Proposition shows that every partial automorphism on a locally compact
Hausdorff second countable space is a direct limit of partial automorphisms with
regular open domains.
Proposition 8.8. Let X be a locally compact Hausdorff second countable space,
and let θ : U → V be a partial automorphism on X. Then, there exists a sequence
{θ(i) : Ui → Vi} of partial automorphisms on X with regular open domains such that
C0(X)⋊θ Z = lim−→
i
C0(X)⋊θ(i) Z.
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Proof. X is a metrizable second countable space and in particular also regular hered-
itary Lindelo¨f space. Thus, we can apply Lemma 8.5 for U, V, θ and obtain increasing
sequences (Ui)
∞
i=1 and (Vi)
∞
i=1 that satisfy conditions (1)-(4) in the Lemma. For each
i, let θ(i) : Ui → Vi be the restriction of θ to Ui. It is immediate that
C0(X)⋊θ Z = lim−→
i
C0(X)⋊θ(i) Z.
Moreover, Remark 8.6 implies that θ(i) generates a partial action with regular open
domains. 
Definition 8.9. Let C denote the class of all 1−dimensional locally compact Haus-
dorff second countable topological spaces with the following property: If X ∈ C and
F ⊆ X is a closed subspace in X, then dim(∂XF ) = 0.
Observation 8.10. If X ∈ C and Y ⊆ X is a 1−dimensional closed subspace, then
Y ∈ C.
Example 8.11. Every 1-manifold belongs to the class C (see [Sch12, Corollary 20]).
Also every locally compact Hausdorff second countable graph belongs to the class
C. We recall the definition. A graph X is a topological space which arises from a
usual graph G = (E,V ) by replacing isolated vertices by points and each edge e ∈ E
by a copy of the unit interval, where 0 and 1 are identified with the endpoints of e.
X has the quotient topology of the set X0 ⊔
⊔
e∈E [0, 1]e under the quotient map q
used for gluing.
Observation 8.12. Let X be a graph. Then the induced topology on V is discrete.
Proof. We show that for every x ∈ V , the singleton {x} is open in V . If x is an
isolated vertex, then q−1({x}) ∈ X0 and X0 is a discrete space which q leaves as it
is, so {x} is open even as a subset of X. Assume now x /∈ X0. Set
U :=
⋃
z∈V,(xz)∈E
[0, 0.5)(xz) ∪
⋃
z∈V,(zx)∈E
(0.5, 1](zx).
Notice that U is open in X0 ∪
⊔
e∈E[0, 1]e and q
−1(q(U)) = U . Therefore, q(U) is
open in X. As q(U) ∩ V = {x}, the claim follows. 
Lemma 8.13. Let X be a locally compact Hausdorff second countable graph and
let M be a subset of X such that int(M) = ∅. Then dim(M) = 0.
Proof. We first claim that int(q−1(M)) = ∅. Observe that int(q−1(M)) ⊆
⊔
e∈E [0, 1]e,
since by assumption M contains no isolated vertices. Thus, if x ∈ int(q−1(M))∩ Ie,
there exists an open neighbourhood U of x such that U ⊆ int(q−1(M)) ∩ Ie. By
shrinking U if necessary, int(q−1(M)) contains an open subinterval of (0, 1)e. This
contradicts the assumption that int(M) = ∅, and the claim follows. For any e ∈ E,
the quotient map restricts to a homeomorphism q|(0,1)e : (0, 1)e → q((0, 1)e). Thus,
M ∩ q
(⊔
e∈E(0, 1)e
)
∼= q−1(M) ∩
⊔
e∈E(0, 1)e via q. This implies
dim
(
M ∩ q
( ⊔
e∈E
(0, 1)e
))
= dim
(
q−1(M) ∩
⊔
e∈E
(0, 1)e
)
= 0,
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where the equality to 0 follows from [Sch12, Corollary 20] and the fact that q−1(M)∩⊔
e∈E(0, 1)e has an empty interior (as a subspace of
⊔
e∈E(0, 1)e). We have
M =
(
M ∩ q
( ⊔
e∈E
(0, 1)e
))
∪
(
M ∩
⋃
e∈E
q({0, 1}e)
)
︸ ︷︷ ︸
M∩V
.
By Observation 8.12, M ∩ V is a discrete space. Thus, we viewed M as a union of
a closed and an open zero-dimensional subsets. In a metrizable space, every open
set is an Fσ-set. Applying Theorem 2.14, we obtain dim(M) = 0. 
The following is immediate from the Lemma.
Example 8.14. Every locally compact Hausdorff second countable graph belongs
to C.
Next, we give an example of a 1-dimensional locally compact Hausdorff second-
countable space that does not belong to the class C.
Example 8.15. X = ({0}∪{ 1n : n > 0})× [0, 1] with the product topology is a one-
dimensional space and the closed subspace F = {0} × [0, 1] has a one-dimensional
boundary ∂XF = F .
As an application to the techniques developed in this section, we bound the
nuclear dimension of crossed products associated to partial automorphisms on locally
compact subspaces of topological spaces belong to C (e.g. locally compact subspaces
of R with the induced Euclidean topology).
Corollary 8.16. Let Y ∈ C and X ⊆ Y be a locally compact subspace. Let
θ : D−1 → D1 be a partial automorphism on X. Then
dimnuc(C0(X)⋊θ Z) ≤ 2 dim(X)
2 + 8dim(X) + 11.
Proof. Theorem 2.13 implies dim(X) ≤ 1. In case dim(X) = 0, we are done by
Theorem 3.6, so assume dim(X) = 1. First we treat the case that X is closed inside
Y . Since nuclear dimension respects direct limits, Proposition 8.8 allows to assume
that the partial action generated by θ has regular open domains {Dn}n∈Z. As X ∈ C
by Observation 8.10, we have
dim
(
∂X
( ⋂
n∈Z
Dn
))
= 0.
Combine Theorem 3.6 with Proposition 8.7 for the desired bound. IfX is not closed,
denote by clY (X) the closure of X inside Y . Since X is a locally compact subset
of Y , it is also locally closed in Y (that is, X is open inside clY (X)). Therefore,
we can regard D−1 and D1 as open subsets inside clY (X), and θ : D−1 → D1 as a
partial automorphism generating a partial action on clY (X). We have
0→ C0(X)⋊ Z→ C0(clY (X))⋊ Z→ C0(clY (X) \X)⋊ Z→ 0,
a short exact sequence of C∗-algebras. Thus,
dimnuc(C0(X)⋊θ Z) ≤ dimnuc(C0(clY (X)) ⋊θ Z),
and we can use the bound obtained for closed subsets inside Y , since
dim(clY (X)) = dim(X) = 1.

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